Journal of Statistical Physics, Vol. 114, Nos. 3/4, February 2004 (© 2004)
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In this paper, we study nonlinear functionals measuring potential interactions
and L'-distance between two mild solutions for the multi-dimensional discrete
velocity Boltzmann equations when the initial data are a small perturbation of a
vacuum. We employ Bony’s dispersion estimates to show that these functionals
satisfy Lyapunov type estimates which are useful for the study of time-asymp-
totics and L'-stability of mild solutions.
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1. INTRODUCTION

The purpose of this paper is to study nonlinear functionals of the multi-
dimensional discrete velocity Boltzmann equations:

0. fi(x, ) +0 -V filx, ) = Q,(f, f)(x, 1), (x,)eR"xXR,, 1<i<N,

(1.1
where f; is the density of particles with velocity v, = (v},...,v") and the
system is assumed to be strictly hyperbolic in the sense that all characteris-

tic velocities are distinct. Moreover, we assume that the collision operator
0O;(f, f) satisfies the transversality assumption:

Q.(f.f)= Y Bfif,, BFf=0,ifj=k and
1<j,k<N
0 < max |B*| =: B, < 0. (1.2)
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The above transversality assumption (1.2) of Q,(f, f) is natural in the
sense that if pre-collision velocities are equal, then post-collision velocities
should be equal to the pre-collision velocities, hence the collisions between
particles with the same velocity will not contribute to Q,( f, ). The system
(1.1) includes standard multi-dimensional discrete velocity Boltzmann
models such as the three-dimensional Broadwell model.”

Discrete velocity Boltzmann equations were originally introduced with
the idea of getting simpler models for some fundamental questions such as
shock wave structures,” boundary layers, approximation schemes for the
full Boltzmann equation,®-* analytical solutions etc. However, it does not
seem to be true that discrete velocity Boltzmann models are simpler than
the Boltzmann equation. The definition of solutions in the mild sense can
be stated as follows.

Definition 1.1. Let f = (fi,..., fy) € C([0, T]; (L'(R™) n LT (R™)™)
be the mild solution of (1.1) with given nonnegative initial data f; €
(LY(R™) n (LY (R™)Y if and only if for all € [0, T] and a.e x e R", f(x,?)
satisfies the following integral equation:

i 0= fue=t0)+[ O(f, fx=(t=9) v, 9)ds,  i=L..,N.

The global existence and uniqueness of mild solutions for the discrete
velocity Boltzmann models (1.1) was first obtained by Nishida and
Mimura® for the one-dimensional Broadwell model with small L'-data,
and this small data existence theory was generalized by Tartar,@"2®
Beale,*? and Bony® to the one-dimensional discrete velocity Boltzmann
models with large L'-data. For further references, we refer to the survey
article by Illner and Platkowski.""” Throughout our paper, we use a sim-
plified notation for the L?-norm:

IfF @Ol = 'Z,l I1£:C-» Ollzren-

Since the L!-norm of f in x at time ¢ is equal to the total mass of par-
ticles at time ¢ and is invariant in time ¢, the L'-norm is expected to be a
natural norm for stability analysis. In fact, L!-stability has been quite suc-
cessful in one-dimensional hyperbolic systems of conservation laws.?¥ In
the context of collisional kinetic equations, L'-stability for one-dimensional
discrete velocity Boltzmann models with only cross-interaction terms was
first obtained by Tartar,® and Ha and Tzavaras"® proved L'-stability for
some subclass of discrete velocity Boltzmann models such as Beale’s
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models® containing self-interaction terms using a robust Lyapunov func-
tional approach. Moreover, this Lyapunov functional approach for
L'-stability has been applied to several one-dimensional kinetic models
with collision terms such as coagulation models®” and a one-dimensional
Boltzmann-type equation with inelastic collisions. ¥

On the other hand, the global existence and uniqueness of mild solu-
tions for multi-dimensional discrete velocity Boltzmann models (1.1) has
been extensively studied in refs. 4, 17, 18, 22, and 23. Recently in ref. 15,
the second author succeeded in proving the L!-stability of some class of
mild solutions for (1.1):

17 = FOll <G lfo— foll- (1.3)

where G is a positive constant independent of time .

In this paper, we consider initial data which are a small perturbation
of a trivial equilibrium state “vacuum.” Since we are assuming strict
hyperbolicity (M1) below, initial perturbations will be propagated into the
vacuum state along the characteristics with different speeds ““(dispersion),”
hence time-asymptotically the total density is expected to decay to the
vacuum state pointwise, and the total collisions will be decreasing so that
mild solutions will tend to the collisionless flow time-asymptotically. In
fact, these dispersive phenomena were first noticed by Tartar®?® and were
employed for the study of the global existence of mild solutions to the hard-
sphere model of the Boltzmann equation in ref. 20 when a small amount of
gases expand into a vacuum.

The main novelty of this paper is to quantify the possible decay of the
potential interactions between particles with different velocities by devising
Lyapunov functionals.

Below we list the main assumptions (M) in this paper.

For a given i, we set

A, = A7 0 A7, Af ={(j, k): BF >0}, A7 ={(j, k): Bf <0},
N{=max_, |4}], Ny =max_, |4]], N, =max;_, |4,].
(M1) Strict hyperbolicity: (v; # v; if i # j)ymin, ,; [v; —v;| = v, >0,

(M2) Transversality of Q;(f, f): (B¥ #0 = j#k),
(M3) Smallness of initial data: B, NN, ||foll, <n << 1,

where the norm || - ||, will be defined in Section 2.

Remark 1.1. (1) We do not use any conservation laws and an
entropy condition for the L'-stability analysis. However, the smallness
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assumption on the initial data is needed for the existence and stability
analysis. Moreover, the smallness of the initial data in L'(R") n L*(R") is
not sufficient to guarantee the uniform boundedness of mild solutions as
shown in ref. 18.

(2) For a related Lyapunov functional approach, we refer to
refs. 8-10, where the Bony Lyapunov functional® was generalized to the
Boltzmann equation with some truncated collision kernels.

In our paper, by Bony solution we denote the mild solutions in ref. 4;
the main purpose of this paper is to devise explicit nonlinear functionals
measuring potential interactions and L'-distance, which satisfy Lyapunov-
type estimates.

More precisely, in Section 3, we will define an interaction potential &
measuring all possible potential interactions between particles with differ-
ent velocities:

2= Y jwf,.(x+m,.,t)Ujf].(x+v,.t+m(v,.,v].),z)df]dx,

1<i#j<N

where the summation is over all pairs (i, j), i # j, and n(v;, v;) is the unit
vector in the direction of v; —v;:

U; —U;

|Ui_Uj|

i

n(v;, v;) = , where i#j.

Similarly, we will define a nonlinear functional # which is equivalent
to L'-distance:

A= | =Tl Gt

X [1+KLOo Y (fi+ ) (x+tv,+n(v, v)), 1) d‘r] dx,

1<j<N
j#i

where K is a positive constant determined later. According to the estimates
in Proposition 2.1 of Section 2, we have

0< ff (f;+ F) G+ tv,+n(v;, v), 1) dr < A+ 0 folls + 1 folls) < 1,

hence it is easy to see that J# is equivalent to the L'-distance:

If ()= FOl < # @) < Co 1f O = FOlr,
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where C, is some positive constant independent of time ¢. The main results
of this paper are the following two theorems.

Theorem 1.1. Suppose that the main assumptions (M) hold, and let
f be the Bony solution of (1.1) corresponding to initial data f,,. Then the
interaction potential & satisfies a Lyapunov-type estimate:

an+2 ¥ j;fﬂn(ﬂﬁ)(x,s)ddeSQ(O).

2 I<i#j<N

Tht_eorem 1.2. Suppose that the main assumptions (M) hold, and le_t
f and f be Bony solutions of (1.1) corresponding to initial data f, and f,
respectively. Then we have a quasi-Lyapunov-type estimate:

#0+C Y [ [ =TI+ s) dx ds < G A0),
1<i#j<N Y0 'R

where C, and C, are positive constants independent of ¢.

Remark 1.2. Notice that Theorem 1.2 also implies L'-stability (1.3).

The rest of this paper is organized as follows. In Section 2, we review
the basics of the Bony theory for the multi-dimensional discrete velocity
Boltzmann equations. Finally, in Section 3, we explicitly construct non-
linear functionals and estimate their time-evolutions.

2. PRELIMINARIES

In this section, we briefly review basic estimates of the multi-dimen-
sional discrete velocity Boltzmann model (1.1). The standard multi-dimen-
sional discrete velocity Boltzmann models are:

Ofitvi-Vifi=Y (ififi—ALfif), (xDeR'xR,, (24
IR

. . . kI . . . .qe
wher§ .the collision coefficients 4;; satisfy symmetry and micro-reversibility
conditions:

K 4k _ gk
A =A4;=4

Jis

Ko 4ij
A4 = 43,

The pre-collision velocities v;, v; and post-collision velocities vy, v; satisfy
microscopic conservation laws of mass, momentum, and energy:

v;+v; = v+, |Ui|2+|vj|2=|vk|2+|vl|2-
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Next, we briefly review the properties of the collision operator

Q:i(f, 1)
o.(f.f)= 'Zl A5 ffi=fi S

Js k,
Let ¢: R™ — R be any measurable function. Then we have
2 <Z o) f; >+diVx <Z v,9(v,) fi > = Y @) AG(fifi— 11 ).
i i i,j, k1

The R.H.S. of the above equation can be rearranged:

RHS.=1 Y A¥($(0)+d(0) —b(0) —$(v) fi fr-

i,j. k1

For the choice of ¢(v;) = 1, v¥, |v;|%, we can see that the system (2.4) satis-
fies the conservation of mass, momentum, and energy:

d N N N
E(; [ fsnan 3 [ ofienods Y [ o £ dx>= 0.

On the other hand, we multiply (2.4) by 1+log f; to get an entropy
inequality:

0, <Z f; 10gf,~>+divx <Z v, f; logf,->

i

= ! Kl fkfl
T4 ]Zkl A4ij log <fifj>(fkf,—ﬁfj) <0.

Below we review estimates for the Bony solutions in refs. 4 and 15. We first
define a characteristic vector V; € R” x R, generated by a velocity v, € R™

V,=(v,)eR"xR,, 1<i<N.

Definition 2.1.% 1>

(1) 11 is a characteristic p-plane in R"xR,, 1 < p<n+1, if and only
if it is an affine p-plane spanned by exactly p linearly independent charac-
teristic vectors V; V;

ipoeccs Nyt

(2) = is a p-plane of trace type in R”, 0 < p <n, if and only if it is the
intersection of some (p+ 1)-characteristic plane I7 and a hyperplane
R"x {t =T}, for some T > 0.
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(3) For a given p-plane of trace type zn, J(n) denotes the set of all
indices i such that V; is parallel to 71, for some ( p+ 1)-characteristic plane
Hwithn=In(R"x{t=T})forT>0.

For a measurable function f = (f,)"_,, we define auxiliary functions:
ForT>0,0<p<n,

* 6,(f(T)) =sup, esssup,-e,(,,){j,, fi(x,T)d’x| = is a p-plane of trace
type},

® Mp+l(f(T)) = SUp; »j x SUPy {jnn(u;e”x[o,r]) (1B{ fzfj)(P) d’P|Il is
a characteristic (p+ 1)-plane},

* _jup+l(f(T)7 f(T)) =SUD; 4« SUP {jﬂr\(R"x[O,T]) (IB;cjl |f: _fz|
(f;+7;)(P)d?*'P| I is a characteristic (p+ 1)-plane},

Now we define the Bony norm and space as follows. For any measurable
function g,

lglls = max 9,(¢), E= {ge L'(R") n L*(R") : |Iglls < o0}
<ps<n

Notice that d,( f(¢)) and J,( f(¢z)) are equivalent to | f(?)|.~ and | f(?)|
respectively, and the space E is a closed subspace of L'(R") n L*(R").

Next, we quote some estimates which will be used in the estimates of
S in Section 3.

Proposition 2.1.“'» Suppose that the main assumptions (M) hold,
and let f be a solution of (1.1) corresponding to initial data f,. Then we
have the following estimates. For 7" > 0,

(1) suppty M,(f(T)) <GBy follz,
@) supy |F(D)lls < A+Csn) 1 follss

where C, and C, are some positive constants independent of time 7.

Proposition 2.2.%% Suppose the main assumptions (M) in Section 1
hold, and let f and f be Bony solutions of (1.1) corresponding to initial
data f, and f, respectively. Then M, ,(f(¢), f(¢)) is uniformly bounded
by the L'-distance between f, and f,:

M, (f(), F©) < CB(Ifolls +1foll) 1fo = Follur.

Here C, is a positive constant independent of time ¢.

Remark 2.1. As shown in ref. 15, the above key estimate implies the
L'-stability of Bony solutions.
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3. NONLINEAR FUNCTIONALS

In this section, we explicitly construct nonlinear functionals measuring
potential interactions and L'-distance between smooth Bony solutions with
compact support in x, and study the time-evolution of these functionals.

3.1. Interaction Potential

In this part, we consider the Lyapunov functional 2 measuring
potential interactions between particles with different velocities and study
its time-variation. Let f =(f;) and f = (f;) be Bony solutions of (1.1)
corresponding to initial data f, and f, respectively. For simplicity, we use
the following simplified notations for interaction production rates:

A0 = [ (e 0 dx,

1<1#]<N

A4(f. Hn= ¥ f (fi = fil (f5+ F)(x, 0) dx.

1<i#j<N

Moreover, we denote the gain and loss terms in Q,(f, ) as QF (f, f),
ie.,

0 (f. )= Y BIfifi, Qi (f.f)= Y BIfife

G kyedf (. k) ed;

We first rewrite (1.1) as

0,(fi(x+1v, 1)) = Qi(f, f(x+1v;, 1), (3.5)
0,(f;(x+tv;+1n(v;, v)), 1)) = [v; —v;| 0,(f(x+tv, +Tn(V;, V;), 1))
+QO;(f, f)(x+1tv, +n(v;, v;), ). (3.6)

For a given time #, we consider i-particles f; located at x+¢v, and
Jj- partlcles lying on the half-line x+tv; +n(v;, v;), T = 0. Then, after time
elapses, i and j particles will share the same locations:

Tor o)l vI

. . . T T,
the new location of f; particles after time —— is x + v, +

Ui_Uj| |Ui_vj|,

is x+ v, +——2= O
Ui_vj| |i ]I

the new location of f; particles after time

T0;

|Ui_vj|,
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hence i and j particles will collide with each other as long as they are
admissible pairs in A;,i=1,..., N, defined in Section 1. Based on this
simple observation, we define an interaction potential &:

@(t) = Z gij(t)a

1<i#j<N

2,(t) = fR,. fi(x+1tv, 1) ['[0"0 fi(x+tv,+1n(v;, v;), 1) dr ] dx,

where summation is over all pairs (Z, j), i # j, and for Bony solutions, & is
a priori bounded by initial data:

2()< ), (sup L‘” fi(x+tv; +1n(v;, v)), 1) dr) JW fi(x+1tv, t)dx

1<i#j<N

SNWN=1)6,(f() 0,(f()) SN(N=1) || folls < 0.

Next we estimate the time-evolution of 9.

Lemma 3.1. Suppose that the main assumptions (M) in Section 1
hold, and let f = ( f;)}_, be a smooth Bony solution of (1.1) with compact
support in x corresponding to smooth initial data f, satisfying (M3). Then
9 satisfies a Lyapunov-type estimate:

@(z)+%" jo Ay(s) ds < 2(0).

Proof. We only estimate one term &;;. The other terms can be esti-
mated similarly. We use (3.5) and (3.6) to obtain

0,(filx+tv;, t) fi(x+1tv,+n(v;, v;), 1))
<|v,—v| 0. [ filx+1tv,, t) fi(x+tv, +n(v;, v;), 1) ]
+ 07 (f, f)x+1tv, 1) fi(x+1tv,+n(v;, v)), 1)

+ filx+1tv,0) Q7 (f, f)(x+1tv,+1n(v;, 1)), ). (3.7
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We integrate (3.7) over R” x [0, co) with respect to (x, 7) to get
d 2;(t) < tv,t)d
T 20 < = [ oi=v (/i f)Cettvi, 1) dx
] [ et 0 1) S+ 10+ (o, v,), 1) de dx
] [0 et o oo, v, 1) filxet o, 1) de dx
R
= —fw |v; =] (fi f)Ce+tv,, 1) dx+1(0) + (D), (3.8)

where we used the fact that f vanishes at |x| = co. Next we estimate }j, and

the second term 7 ,21 can be treated similarly using the change of variables.
10 < (sup [ fiGer om0 0.de ) [ OF(S S, 1)
x 0 R"
<A+C) Wolls [, QF(f. ) Cetv, 1) dx, (3.9)

where we used the fact that

sup Lw fi(x+ 10, +1n(v, v), 1) de < 5,(f(0)) <A+ Csn) | folls-

Now we use the change of variable (x — x—1n(v;, v;)) and the same esti-
mate as [}; to get

() < A+Ca) [ folls fR,, Qi (f, f)x+1v, 1) dx. (3.10)

We combine (3.9) and (3.10) to obtain

d9;

%< o, [ ()40, 0 dx

FA+Cm 1folle [, (QF (2 1)+ 0 (. S+ 10, 1) dx.
(3.11)
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Again in (3.11), we sum up all possible pairs (7, j) with v, #v; to
obtain

da(t)
dt

< =04, (f)(0)

+A+C) folle X JR,, (QF (f, )+ Q7 (S, ) x+1v, 1) dx

1<i#j<N

Uy
<=2 AW, (3.12)
Here we used the fact that

B,N(N—-1)|Ifoll <n < 1.

We integrate (3.12) fromt =0to t =T to get
T
Q(T)—l-%* [ 4,(t) de < 2(0).
0

This completes the proof. ||

Proof of Theorem 1.1. Let f be a Bony solution corresponding to
initial data f; satisfying the smallness assumption M3. Then by the stan-
dard density argument, there exist sequences of smooth C' initial data

{fP}e_, corresponding to smooth Bony solutions {f™}>_, with compact
support in x such that

fP->f fP->f, a n->oinkE

For more detalils, refer to ref. 4. By Lemma 3.1, we have
Vg (!
2(0)+ j AD(s) ds < D™(0).
0

Here 2™ (t) and A$"(¢) are the interaction potential and interaction pro-
duction rates corresponding to f™. Then it is easy to see that

D) - D(1), r AP (s) ds — ft A,(s)ds as n— oo,
0 0
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Hence we have a Lyapunov-type estimate for a Bony solution f:
2+ [ 44(s) ds < 2(0).
0

This completes the proof. |

Remark 3.1. It follows from the above estimate that

J*Ow LR" |0:(f, )] (x,t) dx dt < 2(0) < o0.

Now we formally set

Fu(3) = S0+ QS /) (5501, 5) ds

then it is easy to see that
il < | foillt +2(0),  and

i + 10 0= Foaller <[ [ 1S, I (350, 5) dy ds 0
as t— oo,

and thus f;(x,?) —» F,,(x—1tv;) in L'(R"). Hence, the leading term in the
asymptotic response of f; is a traveling wave. Refer to refs. 4 and 5 for

1

further results on time-asymptotic behavior.

3.2. Nonlinear Functional for L"'-Distance

In this part, we construct a nonlinear functional which is equivalent to
the L' distance between two Bony solutions of (1.1). As in the previous
part, we first construct a nonlinear functional for smooth solutions with
compact support in x. Let £ and f be smooth Bony solutions of (1.1) cor-
responding to smooth data f, and f; satisfying (M3) respectively. The
equations for the difference |f; — f;|, f;, and f; are given by:

o, fi=Fil+v -V Ifi = il <T(SL ),

_ _ i} (3.13)
0fi+0; Vi f5=Q)(f. 1), 0fj+v;- VoS =Qi(f. f)
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where

|BY|

(1S5 = f3l (SfetF) +1fie=Fil (f5+ D1

(. H= Y

(U, k) e 4; 2

Now we define the nonlinear functional #:

20=Y | V=Tl Gt 1) d,

ZOE W M ANAICEEN)

x [ro (f;+ [)(x+tv,+n(v;, v)), 1) d‘c} dx

H()=ZL()+KZ,(1),
where K is a large positive constant which will be determined later, and
note that when either f or f is zero, &, reduces to the interaction potential
2 defined in Section 3.1.
Lemma 3.2. Suppose the main assumptions (M) in Section 1 hold,

and let f and f be Bony solutions corresponding to initial data f;, and f;,
respectively. Then the above subfunctionals satisfy the following estimates:

20 < BN 41,0,
TS Dor T [ [Tl

LO7 (S, /)(x+tv,+1n(v;, v;), t)] dr dx.

Proof. By the standard density argument, it suffices to show that the
above estimates hold for smooth C! solutions with compact support in x.

(i) The estimate for %52 follows from (3.13) directly.

(i) Next we estimate a 240 As in Lemma 3.1, by direct calculations

we have
o,(Lf; — fil (x+1tv,, N f; +fj)(x+tv,-+rn(v,-, v;),1))
< v, —v;| 0.(1f: = fil e+ vy, O f;+ f;)(x + tv; +Tn(v;, v)), 1))
+J.(f, f)(x+1tv, (f; +fj)(x+tv,~ +n(v;, v)), )

+|ft_f_t| (X+tUi, t)(Q;-(f’ f)+Q7(f_’ f_))(x+tv,- +‘L'I’l(Ui, vj)a t)'
(3.14)
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We integrate 3, ;. ;< (3.14) over R"x [0, c0) in (x, 7) to get

d2,(1) <
dt

—vedy(f, (@)
+B,N(N-1) [sup f:o (f; + f) x4ty + (v, v)), 1) dr]/ld(f, )

+ ¥ =R

1<i#j<N

A(QF (f, )+ (s PG+ to,+7n(v,, v), )] de dx
< ALD+ 3 [Tl G

Q7 (/. /H+0QF (f, f))(X+tv,~ +1n(v;, v)), 1)] dr dx,

where we used

sup [ (f)+ )0+ 10+ (w0, 1) do < (1+Con) Ufo -

This completes the proof. |

Proof of Theorem 1.2. By the definition of # and Lemma 3.2, we
have

dA (1) _ <B N_Kv*

JAr Px0+K T ] [T 1=l b
Q2 1)+ (T T 10+ en(v,, ), 0] i dx

We choose K large enough so that

1<z#]<N

> 0.
Then for such K, we have
PO 1 e f. 0
<K j j If, — fil (x+vit, £)

1<z¢]<N

LQF (S, £)+Q7 (f, FN(x+to,+1n(v;, v)), )] de dx,
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where C, is a positive constant and the summation is over all pairs (i, j)
with i # j. We integrate the above inequality from t =0to ¢t =T to get

HT)+C, [ A S, T de

<#O+k ¥ [ [Tif=Fl e

1<i#j<N

-[(Q5 (f, f)+Q;“(f_, F)(x+tv, +1n(v,, v;), t)]drdxdt. (3.15)

We denote the second term of the right-hand side of (3.15) by S(¢).
We claim:

S =0 I fo— foll-
For a point P e IT = R" x R, we set

N;(P) = the intersection point between a backward characteristic line
with velocity —V; = (—v;, —1) issued from P and a hyperplane
R"x {s =0},
N;(P) P = the section of a characteristic line with velocity ¥; connecting
N;(P) and P,
I(N, V,, t) = the section of a characteristic line issued from N with velocity V;
in the time zone R” x [0, ¢],

I;(P,7)=P+1n(v,v;), 720, IP)={l,(P,7):1>0}.
In the sequel, we sometimes drop the P-dependence in N,;(P), i.e.,
N/(P)=N,.

We integrate (3.13) along the characteristic line N, P to get

Ifi = £l (P) < for = Fal (M)+'[R.5N.P J(f, HR)AR.  (3.16)
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We substitute (3.16) into S(7) to get

so= ¥ | V=P

1<i#j<N

<| [T o1 (s poy de |ap

<

[ Vo= Fal (NDQ5Cf, f)+C5 (. )

1<i#j<N Lenn(ma”x[o,t]) 0

x (I,,(P, 7)) dz d"*'P

+ [, HC DRSS

1<i#j<N L’enn(R”x[o,z]) JR,-GN,-P
+07 (f, F)U;(P, 7)) dt dR, d"*'P. (3.17)

In order to estimate (3.17), it suffices to consider the following two types of
space-time integrals:

10 = u=Ful )| [7 07 (1. 1)) de | aveip

Pell n(R"x[0,1])

(1) = [ TR

Pell n(R"x[0,1])
<| [ 07 (1P di | ar v
0

Before we estimate 77 }j(t) and 17 fj(t), we note that for a fixed point N € R”

and ¢, the plane I7(¢) defined by
() =: {jéz +lij(jéi7 7) | ﬁi € i(Na Vi, 1), t>0}
is a part of the characteristic 2-plane spanned by V; and V, i.e.,

Claim. V,, andV are parallel to II(1).
Proof of the Claim. We first notice that the vectors R, and l,-]-(f{,-, 7)
can be written as follows:
WV, ~¥)
Vil

A

R, =N+kV;, lij(RisT)=jéi+

for some constants k&, 7> 0.



Nonlinear Functionals of Multi-D Discrete Velocity Boltzmann Equations 1031

This yields

~ - T T
R +1..(R. =N k—— V. V..
+y(&, ) +( |V,-—V,~|> ’+<|V,-—Vi|> I

Hence characteristic vectors V; and V; are parallel to ).
Next we estimate 17,;(¢) and I1;,(¢) as follows:

o= e Vo=l (G(R) [ [70r(f )R, o) df]
x dR, d"N
= [y M= Tl () [ |, e R o) de df{i]
xd"N
<SNIM(F@O) o= Tl

jiz, el(N,V;, 1)

where N, is the maximal size of A4; defined in Section 1 and we used
N(R)=N, R elN,V,0.
Similarly, we have
2 = . f .
I, = Lve R jﬁief(N,W,t) -[RieNRi Sl PR
x <j°° 0 (f> /)Uy(R, 7)) dr) dR, dR, d'N
0
<[ oy S DRI AR,
NeR R; €l(N,V;, t)
x [ [ 701 F)UR, D)) dr R, ] d'N
R; €l(N,V;, 1) YO

SN NIML(f(O)) M, (f(D), f(D)).

Here we used

[ HAD®RYAR<| IS VAR, for R el(N.V.0).

NR; Ry eIV, Vi, 1)
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In (3.17), we use Propositions 2.1 and 2.2 to obtain

S(1) < (N =1) N3 (Mo(f(0) +M(f(O)) Ifo— Follr

+N(N=1) NNL(ML(f(0)) + M (F(0)) M, (f (), £(2))
< G(N=1) NiB(Ifollz + 5ol 1.fo = Folle:

+G,CN(N=1) NuNIBL(follz + 1l folls +1Folle) 1fo = Foller
=0 Ifo—follo:-

We combine the above estimates to obtain

HO+C, [ 4,1, F)s) ds < H(0)+00r*) £(0) < C,#(0).

where C, and C, are positive constants independent of ¢ and we used
Z£(0) < #(0). This completes the proof. ||
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